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LEVI UMBILICAL SURFACES IN COMPLEX SPACE
ROBERTO MONTI AND DANIELE MORBIDELLI
Abstract. We define a complex connection on a real hypersurface of Cn+1 which
is naturally inherited from the ambient space. Using a system of Codazzi-type
equations, we classify connected real hypersurfaces in Cn+1, n ≥ 2, which are Levi
umbilical and have non zero constant Levi curvature. It turns out that such surfaces
are contained either in a sphere or in the boundary of a complex tube domain with
spherical section.
1. Introduction
Let M be a (2n+ 1)-dimensional real surface embedded in Cn+1, denote by h the
C-linear extension of the second fundamental form of M and by g be the restriction
to the complexified tangent bundle CTM of the standard hermitian product of Cn+1.
The surface M is Levi umbilical if h(Z, W¯ ) = Hg(Z, W¯ ) for some scalar function H
(the Levi curvature) and for all holomorphic tangent vector fields Z and W . Levi
umbilicality is weaker than Euclidean umbilicality because it contains no information
on terms of the form h(Z,W ) with holomorphic Z and W . In particular, it is easy to
construct Levi umbilical surfaces which are neither spheres nor hyperplanes. Indeed,
any surface which is the zero set F = 0 of a smooth defining function F (z, z¯) =
|z|2 + Φ(z, z¯), where Φ is any polyharmonic function in Cn+1, is Levi umbilical (see
Example 2.3).
In view of these examples, a natural question is whether there is any version of
the classical Darboux theorem for usual umbilical surfaces. In this paper we classify
Levi umbilical surfaces with constant non zero Levi curvature. An example of such
surfaces are, of course, the spheres {z ∈ Cn+1 : |z| = r}, r > 0. A less trivial example
is the boundary of spherical tubes, i.e. surfaces of the form (see Example 2.2)
{
z ∈ Cn+1 :
n+1∑
h=1
(zh + z¯h)
2 = r2
}
, r > 0. (1.1)
Our main result states that there are no other examples. More precisely, we prove that
any (2n+1)-dimensional oriented connected surface embedded in Cn+1, n ≥ 2, which
is Levi umbilical and has non zero constant Levi curvature is necessarily contained
either in a sphere or, up to complex isometries of Cn+1, in a spherical cylinder of the
form (1.1). This is proved in Theorem 5.1. It is interesting to observe the appearance
of tube domains, which are relevant objects in several complex variables, see [Kr].
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This classification follows from the analysis of a system of Codazzi equations for h,
where covariant derivatives are computed with respect to a suitable complex connec-
tion ∇ on M . Though very natural, this connection and the corresponding Codazzi
equations do not seem to be studied in the literature. The main features of ∇ are:
(a) both the holomorphic and the antiholomorphic bundles are parallel;
(b) the restriction g to CTM of the hermitian product in Cn+1 satisfies ∇g = 0.
Briefly, the connection is constructed in the following way. Let ν be a real unit
normal to M and consider N = 2−1/2 (ν − iT ), the holomorphic unit normal to M .
Here, T = J(ν) where J is the standard complex structure of Cn+1. Then, given a
holomorphic tangent vector field Z and a tangent vector U , we define
∇UZ = DUZ − g(DUZ, N¯)N,
whereD is the standard connection in Cn+1. Then, this definition, along with∇T = 0,
is extended to the whole tangent bundle, giving rise to a connection satisfying (a)
and (b) (see Section 3).
Properties (a) and (b) are similar to the ones of the Tanaka-Webster connection
on strictly pseudoconvex Cauchy-Riemann manifolds (see [T] and [W]). Whereas for
this connection the Levi form −idϑ associated with a contact form ϑ plays the role of
the metric and is required to be parallel, in our case the metric inherited from Cn+1
is required to be parallel. See also the discussion in Remark 3.2. This produces a
connection which seems to be more suitable for our purposes. A different connection
is introduced by Klingenberg in [Kl]. It arises as orthogonal projection of the standard
connection in the space and, in general, does not satisfy property (a).
A typical example of Codazzi equation for h, written in components with respect
to a holomorphic frame Z1, ..., Zn, is (see Remark 4.2)
∇αhβγ¯ −∇βhαγ¯ = ihβγ¯hα0 − ihαγ¯hβ0, (1.2)
where hαβ¯ = h(Zα, Z¯β) for α, β = 1, ..., n and index 0 refers to T . In Theorem 4.1,
we compute the system of equations needed in the classification theorem. In these
equations, as in (1.2), there is a non vanishing right hand side, reflecting both the
non vanishing of Tor∇ and the non vanishing of g(DZN, N¯).
Concerning the restriction n ≥ 2 in the classification theorem, note that for n = 1
the umbilicality property is satisfied by any hypersurface of C2. Moreover, by the
existence and regularity results proved by Slodkowski and Tomassini [ST] and Citti,
Lanconelli and Montanari [CLM] for the Levi equation, there are smooth graphs in C2
with prescribed boundary and with constant Levi curvature which do not belong to
the classes described above. Then, the natural question is whether a compact surface
in C2 having constant Levi curvature is necessarily a sphere. This question has been
recently addressed in [HL] by Hounie and Lanconelli, who give an affirmative answer
in the class of Reinhardt domains.
Another result implied by our Codazzi equations is the classification of connected
pseudoconvex surfaces with non zero constant Levi curvature and vanishing hαβ (the
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symmetric part of the second fundamental form). Up to complex isometry, such
surfaces are contained in a sphere or in a spherical cylinder of the form
{
z ∈ Cn+1 :
n+1∑
i=m
|zi|2 = r2
}
, r > 0, 1 ≤ m ≤ n.
This is established in Theorem 5.2, which improves Theorem 5.2 in [Kl], where the
result is proved by a global argument under compactness and strict pseudoconvexity
assumptions (see Remark 5.3).
The notion of Levi curvature was introduced by Bedford and Gaveau in [BG] and
it has been recently generalized by Montanari and Lanconelli in [ML]. There is an
increasing interest on problems concerning this curvature, mainly from the point
of view of partial differential equations. Other significant references are Citti and
Montanari [CM], Huisken and Klingenberg [HK] and Montanari and Lascialfari [MLa].
The tools developed in this work could be useful in the study also of other problems
concerning real hypersurfaces in complex space.
Concerning terminology, we call “Levi form” the hermitian map (Z,W ) 7→ h(Z, W¯ ),
with holomorphic Z and W . This is justified by the fact that h(Z, W¯ ) coincides with
the Levi form associated with a natural pseudohermitian structure (see [W] or [JL]
for this notion) inherited by M from the ambient (see the discussion in Section 2).
Notation. Greek indices α, β etc. run from 1 to n, Latin indices h, k run from 1
to n + 1. We let ∂h =
∂
∂zh
, ∂h¯ =
∂
∂z¯h
and Fh = ∂hF . J is the standard complex
structure and D is the usual connection in Cn+1. The standard hermitian product g
in Cn+1 is normalized by g(∂h, ∂k¯) = g(∂h¯, ∂k) =
1
2
δhk, g(∂h, ∂k) = g(∂h¯, ∂k¯) = 0, where
δhk is the Kronecker symbol. The metric tensors gαβ¯ and g
αβ¯, which are related by
gαβ¯gγβ¯ = δαγ , are used to lower and raise indices, e.g. hα
β = gβγ¯hαγ¯ . If h is symmetric,
we equivalently write hβα = hα
β . We adopt the summation convention. If E is a bundle
we denote by Γ(E) the sections of E. Finally, [U, V ] denotes the Lie bracket of vector
fields and Tor∇(U, V ) = ∇UV −∇V U − [U, V ] is the torsion of the connection ∇.
Acknowledgments. We are indebted to Ermanno Lanconelli and Annamaria Mon-
tanari for several fruitful conversations on Levi curvature.
2. Levi form and examples
Let M ⊂ Cn+1 be a real hypersurface oriented by a real unit normal ν. We denote
by H = T 1,0M (resp. H¯ = T 0,1M) the holomorphic (resp. antiholomorphic) tangent
bundle ofM . We restrict the complex structure J to H⊕H¯ and the metric g to CTM .
The vector field T = J(ν) is tangent to M . Then, the complexified tangent bundle
CTM can be decomposed as a direct sum H ⊕ H¯ ⊕ CT and the decomposition is
orthogonal with respect to g. The holomorphic unit normal to M is the holomorphic
vector field
N =
1√
2
(ν − iT ) . (2.1)
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Up to orientation, N is defined uniquely on M by |N | = 1 and g(N,U) = 0 for all
U ∈ H ⊕ H¯. Here and in the following, |V |2 = g(V, V¯ ). We have the relations
T =
i√
2
(N − N¯), ν = 1√
2
(N + N¯). (2.2)
There is a unique real 1-form η on M such that
η(T ) = 1 and η(Z) = 0 for all Z ∈ H ⊕ H¯. (2.3)
Precisely, η(Z) = g(Z, T ) for any Z ∈ CTM . The Levi form on M associated with η
is the hermitian form on H defined by
Lη(Z, W¯ ) =
1
2i
dη(Z, W¯ ), Z,W ∈ H. (2.4)
Denote by h the C-linear extension to CTM × CTM of the second fundamental
form of M . For Z,W ∈ CTM let
h(Z,W ) = g(Z,DWν). (2.5)
Note that h(Z,W ) = h(W,Z) and h(Z,W ) = h(Z¯, W¯ ).
The Levi form associated with η coincides with the hermitian part of the second
fundamental form, i.e. Lη(Z, W¯ ) = h(Z, W¯ ) for all Z,W ∈ H. Indeed, by (2.3) and
(2.2),
dη(Z, W¯ ) = Zη(W¯ )− W¯η(Z)− η([Z, W¯ ]) = −η([Z, W¯ ])
= g([W¯ , Z], T ) =
i√
2
g(DW¯Z −DZW¯ ,N − N¯).
(2.6)
Since g(DW¯Z,N) = g(DZW¯ , N¯) = 0, we find
dη(Z, W¯ ) = − i√
2
(
g(DW¯Z,N + N¯) + g(DZW¯ ,N + N¯)
)
= −2ig(DW¯Z, ν). (2.7)
The claim follows.
The Levi curvature H of M is the trace of the Levi form. The surface M is
Levi umbilical if h(Z, W¯ ) = Hg(Z, W¯) for all Z,W ∈ H. In order to express these
definitions in components, fix a frame Z1, ..., Zn of holomorphic tangent vector fields.
Let hαβ¯ = h(Zα, Zβ¯) and gαβ¯ = g(Zα, Zβ¯). The Levi curvature of M is
H =
1
n
hαα. (2.8)
The surface M is Levi umbilical if hαβ¯ = Hgαβ¯. Observe that the relation between
the Levi curvature H = HC and the standard mean curvature HR is (2n + 1)HR =
2nHC + h(T, T ).
It is useful to compute the Levi curvature by means of a defining function. Let
M = {z ∈ Cn+1 : F (z) = 0} for some smooth function F : Cn+1 → R. The
holomorphic unit normal is
N =
√
2
Fh¯
|∂F |∂h, where |∂F |
2 = FhFh¯. (2.9)
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The complex Hessian D2F induces a hermitian form on holomorphic vector fields
of Cn+1 by letting D2F (U, V¯ ) = UhV k¯Fhk¯, where U = U
h∂h and V¯ = V
k¯∂k¯. As
observed in [ML], the Levi form can be written as
h(U, V¯ ) =
1
2|∂F |D
2F (U, V¯ ), U, V ∈ H. (2.10)
Moreover, the Levi curvature of M is
H =
1
n|∂F |
(
Fhh¯ −
FkFh¯Fhk¯
|∂F |2
)
. (2.11)
We briefly check (2.10). By (2.2) and (2.9), we have
h(U, V¯ ) = g(U,DV¯ ν) =
1√
2
g
(
U,DV¯ (N + N¯)
)
= g
(
U,DV¯
(
Fh
|∂F |∂h¯
))
.
As g(Fh∂h¯, U) = 0, we get
g
(
U,DV¯
(
Fh
|∂F |∂h¯
))
=
1
|∂F |g(U,DV¯ (Fh∂h¯)) =
1
2|∂F |D
2F (U, V¯ ).
In order to prove (2.11), assume, for instance, Fn+1 6= 0 near a point P ∈ M and
consider the local holomorphic frame near P
Zα = ∂α − Fα
Fn+1
∂n+1, α = 1, ..., n. (2.12)
The application of (2.10) to the Zα’s gives
hαβ¯ =
1
2|∂F |
{
Fαβ¯ −
Fβ¯
Fn+1
Fαn+1 −
Fα
Fn+1
Fn+1,β¯ +
FαFβ¯
|Fn+1|2Fn+1,n+1
}
.
The metric tensor and its inverse are respectively
gαβ¯ =
1
2
(
δαβ +
FαFβ¯
|Fn+1|2
)
and gαβ¯ = 2
(
δαβ − FβFα¯|∂F |2
)
.
Then, a short computation gives
H =
1
n
gαβ¯hαβ¯ =
1
n|∂F |
(
Fhh¯ −
FkFh¯Fhk¯
|∂F |2
)
.
In the next proposition we collect some useful identities.
Proposition 2.1. Let M ⊂ Cn+1 be an oriented surface with real unit normal ν,
T = J(ν) and holomorphic unit normal N . Then:
i) g(DZN, N¯) = g([T, Z], T ) for all Z ∈ Γ(H);
ii) g(DZN, N¯) = ih(T, Z) for all Z ∈ Γ(CTM);
iii) g([Z, W¯ ], T ) = −2ih(Z, W¯ ) for all Z,W ∈ Γ(H).
Proof. Note that g(DZT, T ) = 0, because T is real. Moreover, by (2.2), we have for
any Z ∈ Γ(H)
g([T, Z], T ) = g(DTZ −DZT, T ) = 1
2
g(DN−N¯Z, N¯〉.
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We used the orthogonality g(DN−N¯Z, N¯) = 0, which holds because Z is holomorphic.
Thus
2g([T, Z], T ) = g(DZN + [N,Z], N¯)− g(DZN¯ + [N¯ , Z], N¯)
= g([N − N¯ , Z], N¯) + g(DZN, N¯)
=
1
i
g([T, Z], ν + iT ) + g(DZN, N¯) = g([T, Z], T ) + g(DZN, N¯).
We used again (2.2) and g([T, Z], ν) = 0. This proves i).
In order to check ii), note that
g(DZN, N¯) = g(DZN,N + N¯) =
√
2g(DZN, ν) = g(DZν, ν)− ig(DZT, ν)
= −ig(DZT, ν) = ih(T, Z).
Identity iii) is proved in (2.6)–(2.7). 
Now we discuss a couple of examples showing the existence of non trivial Levi
umbilical surfaces.
Example 2.2 (Boundary of spherical tubes). The surface M = {z ∈ Cn+1 : F (z) =
0}, where
F (z) =
1
2
n+1∑
h=1
(zh + z¯h)
2 − 1,
is a Levi umbilical cylinder with spherical section having constant Levi curvature.
Indeed, the complex derivatives of F are Fh = Fh¯ = zh + z¯h and Fhk¯ = δhk. Then
|∂F | = √2 and, by (2.11), the Levi curvature is H = 1/√2. The complex Hessian of
F is the identity and, by (2.10), the condition hαβ¯ =
1√
2
gαβ¯ is identically satisfied on
M .
Example 2.3. It is possible to construct compact Levi umbilical surfaces by poly-
harmonic perturbations of the sphere. Consider
M =
{
z ∈ Cn+1 : |z|2 + λΦ(z) = 1} , (2.13)
where λ is a real parameter and
Φ(z) =
1
2
n+1∑
h=1
(z2h + z¯
2
h).
The derivative of the defining function F (z) = |z|2 + λΦ(z) − 1 are Fh = z¯h + λzh
and Fhk¯ = δhk. On the set M we have |∂F (z)|2 = 2 − (1 − λ2)|z|2. Then, |∂F |
is constant on M if and only if λ = 0, 1,−1. If |λ| < 1, M is a smooth compact
surface bounding the region {z ∈ Cn+1 : F (z) < 0}. Indeed, M is an ellipsoid:
letting z = x + iy, we have F (z) = (1 + λ)|x|2 + (1 − λ)|y|2 − 1. Moreover, on M
|∂F (z)|2 = 2− (1+λ)(1− 2λ|x|2) ≥ 1−λ > 0. By formula (2.11), the Levi curvature
of M is H = |∂F |−1. The complex Hessian of F is the identity and, by (2.10), the
surface M is Levi umbilical and
hαβ¯ =
1
|∂F |gαβ¯. (2.14)
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Many other examples of compact Levi umbilical surfaces can be constructed, taking
as Φ in (2.13) any polyharmonic function, i.e. any smooth function satisfying Φhk¯ = 0.
In fact, the complex Hessian of the corresponding defining function is the identity.
Therefore condition (2.14) is satisfied.
3. The connection and its properties
In this section, we define the covariant derivative ∇ on an oriented, smooth hyper-
surface M ⊂ Cn+1 starting from the standard connection D in Cn+1. A vector field
V ∈ Γ(CTM) can be uniquely decomposed as
V = Z + W¯ + fT, (3.1)
where Z,W ∈ Γ(H) and f ∈ C∞(M) is a complex valued function. We define
∇ : Γ(CTM) × Γ(CTM) → Γ(CTM) by letting, for U, V ∈ Γ(CTM) with V as in
(3.1),
∇UV = DUZ − g(DUZ, N¯)N +DUW¯ − g(DUW¯ ,N)N¯ + (Uf)T. (3.2)
Here, N is the holomorphic unit normal. Equivalently, let for U ∈ Γ(CTM) and
Z,W ∈ Γ(H)
∇UZ = DUZ − g(DUZ, N¯)N,
∇UW¯ = DUW¯ − g(DUW¯ ,N)N¯ ,
∇UT = 0.
(3.3)
We have the following
Theorem 3.1. ∇ is a complex connection on M and satisfies the following properties:
(C1) ∇UV = ∇U¯ V¯ for all U, V ∈ Γ(CTM);
(C2) ∇U(J(V )) = J(∇UV ) for all U, V ∈ Γ(CTM);
(C3) The bundles H and H¯ are parallel;
(C4) ∇g = 0;
(C5) Tor∇(U, V ) = 0 for all U, V ∈ Γ(H);
(C6) Tor∇(U, V¯ ) = −g([U, V¯ ], T )T for all U, V ∈ Γ(H).
Proof. Properties (C1), (C2) and the fact that ∇ is a connection are easy and we
omit their proof.
Property (C3) amounts to say that the covariant derivative of a holomorphic
(resp. antiholomorphic) vector field is still a holomorphic (resp. antiholomorphic)
vector field. But this is an immediate consequence of definition (3.2) and of the
orthogonal decomposition T 1,0P C
n+1 = HP ⊕ CNP , at any point P ∈M .
In order to prove property (C4), let
V1 = Z1 + W¯1 + f1T, V2 = Z2 + W¯2 + f2T,
8 ROBERTO MONTI AND DANIELE MORBIDELLI
where Z1, Z2,W1,W2 ∈ Γ(H) and f1, f2 are complex valued functions. By the metric
property of the standard connection D in Cn+1, we have
Ug(V1, V¯2) = Ug(Z1, Z¯2) + Ug(W¯1,W2) + Ug(f1T, f¯2T )
= g(DUZ1, Z¯2) + g(Z1, DU Z¯2) + g(DUW¯1,W2) + g(W¯1, DUW2)
+ g(DU(f1T ), f¯2T ) + g(f1T,DU(f¯2T )).
(3.4)
We claim that the following identities hold
g(DUZ1, Z¯2) = g(∇UZ1, V¯2), g(DUW¯1,W2) = g(∇UW¯1, V¯2),
g(Z1, DU Z¯2) = g(V1,∇U Z¯2), g(W¯1, DUW2) = g(V1,∇UW2). (3.5)
We check the first one only. Since g(N, Z¯2) = 0, we have g(DUZ1, Z¯2) = g(∇UZ1, Z¯2)
and property (C3) gives g(∇UZ1, Z¯2) = g(∇UZ1, V¯2). The following identities also
hold
g(DU(f1T ), f¯2T ) = g((Uf1)T, V¯2), g(f1T,DU(f¯2T )) = g(V1, (Uf¯2)T ). (3.6)
We check the first one. Since g(DUT, T ) = 0, then g(DU(f1T ), f¯2T ) = g((Uf1)T, f¯2T )+
g(f1DUT, f¯2T ) = g((Uf1)T, f¯2T ). But T is orthogonal to Z2 and W¯2. Thus we get
the claim. Replacing (3.5) and (3.6) into (3.4) we get Ug(V1, V¯2) = g(∇UV1, V¯2) +
g(V1,∇U V¯2), which means ∇g = 0.
Statement (C5), Tor∇(U, V ) = 0 for U, V ∈ Γ(H), follows from TorD(U, V ) = 0 and
[U, V ] ∈ Γ(H). Concerning property (C6), observe that a connection leaving H and H¯
parallel cannot be, in general, torsion free, because the horizontal distribution needs
not be integrable (in other words, it may be [H, H¯] * H⊕ H¯). Take W ∈ Γ(H⊕ H¯).
Then
g(Tor∇(U, V¯ ), W¯ ) = g
(
TorD(U, V¯ ) + g(DV¯U, N¯)N − g(DU V¯ , N)N¯ , W¯
)
= 0,
because TorD(U, V¯ ) = 0 and g(N, W¯ ) = g(N¯, W¯ ) = 0. Then Tor∇(U, V¯ ) = λT for
some function λ and, by (C3), λ = g(Tor∇(U, V¯ ), T ) = −g([U, V¯ ], T ). 
Recall that the restriction of the hermitian product in Cn+1 to CTM induces the
orthogonal decomposition
CTM = H⊕ H¯ ⊕ CT. (3.7)
Denote by ΠH : CTM → H the projection onto H and by ΠH¯ the projection onto H¯.
Then it is easy to check that for U, V ∈ Γ(H), we have
∇U¯V = ΠH([U¯ , V ]) and ∇U V¯ = ΠH¯([U, V¯ ]). (3.8)
This follows from (C3) and (C6).
Remark 3.2. If M is a strictly pseudoconvex CR manifold, there is a natural con-
nection associated with a given contact form ϑ, which was introduced by Tanaka
and Webster in [T] and [W]. Although it was designed for different scopes from
ours, we highlight some analogies and differences between our connection ∇ and the
Tanaka-Webster one.
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The Levi form (Z,W ) 7→ −idϑ(Z, W¯ ) is a non degenerate hermitian form on H.
Then, ϑ induces a decomposition of CTM similar to (3.7). The vector field T is
replaced in this construction by the characteristic vector field T ′, defined by ϑ(T ′) = 1
and dϑ(T, Z) = 0 for all Z ∈ H. In the Tanaka-Webster connection, the Levi form
dϑ essentially plays the role of the metric and is required to be parallel. Covariant
derivatives of holomorphic vector fields along antiholomorphic ones are defined by
relations analogous to (3.8) (see [T, Lemma 3.2, p. 31]), but with the projections Π′H
and Π′H¯ induced by dϑ. The characteristic vector field T
′ of ϑ is in general different
from T for any choice of the contact form ϑ.
Similarly to the Tanaka-Webster connection, the property ∇T = 0 is forced by
(C4) and (C5). Indeed, the one dimensional bundle generated by T is the orthogonal
complement with respect to the parallel metric g of the parallel bundle H⊕H. Then
∇UT = λT for some function λ and U ∈ CTM . But, since T is real, 0 = Ug(T, T ) =
2g(∇UT, T = 2λ. Therefore ∇T = 0.
Remark 3.3. The connection ∇ is not uniquely determined on the whole tangent
bundle Γ(CTM) by properties (C1)–(C6). In particular, ∇TU with U ∈ Γ(H) is not
uniquely determined. In (3.3), we let ∇TU = DTU − g(DTU, N¯)N . An alternative
possibility, consistent with (3.8), is to set
∇′TU = ΠH([T, U ]) and ∇′T U¯ = ΠH¯([T, U¯ ]).
The resulting connection ∇′ still satisfies (C1)–(C6). Our choice ∇, however, seems
to be more suitable than ∇′ to work with Codazzi equations.
Remark 3.4. The real tangent bundle has the orthogonal decomposition TM =
Re(H ⊕ H¯) ⊕ RT . Then, for Y ∈ Γ(Re(H ⊕ H¯)), V ∈ Γ(TM) and f real function,
we have
∇V (Y + fT ) = DV Y − g(DV Y, ν)ν − g(DV Y, T )T + (V f)T. (3.9)
Indeed, taking X = Z + Z¯ with holomorphic Z, we have
∇V (Z + Z¯) = ∇VZ +∇V Z¯ = DVZ − g(DVZ, N¯)N +DV Z¯ − g(DV Z¯, N)N¯
= DVX − g(DVZ, ν)(ν − iT )− g(DV Z¯, ν)(ν + iT )
= DVX − g(DVX, ν)ν + ig(DV (Z − Z¯), ν)T
= DVX − g(DVX, ν)ν + g(DV (J(X)),−J(T ))T
= DVX − g(DVX, ν)ν − g(DVX, T )T.
We used ν = −J(T ) and the property DV ◦ J = J ◦DV .
4. Codazzi equations
In this section we compute the system of Codazzi equations.
10 ROBERTO MONTI AND DANIELE MORBIDELLI
Theorem 4.1. The Levi form h on a hypersurface M ⊂ Cn+1 satisfies the following
Codazzi equations
∇βhαγ¯ −∇γ¯hαβ = ihαβhγ¯0 − ihαγ¯hβ0 − 2ihβγ¯hα0, (4.1a)
∇β¯hα0 −∇0hαβ¯ = ihαλhλβ¯ − ihαλ¯hλ¯β¯ + ihαβ¯h00, (4.1b)
∇βhα0 −∇0hαβ = ihβλ¯hλ¯α − ihβλhλα + ihαβh00 − 2ihα0hβ0, (4.1c)
∇αh00 −∇0hα0 = 2ihλαhλ0 − 2ihλ¯αhλ¯0 − ihαλhλ0 + ihαλ¯hλ¯0 − ihα0h00. (4.1d)
Proof. The proof relies on the fact that the standard connection D in Cn+1 has van-
ishing curvature. We shall also use several times the formula
DZU = ∇ZU −
√
2h(U,Z)N, U ∈ Γ(H), Z ∈ Γ(CTM). (4.2)
Let Z,W ∈ Γ(CTM) and U ∈ Γ(H). Denote by RD and R∇ the standard curvature
endomorphisms of D and ∇. Using (4.2), we have
0 = RD(Z,W )U = DZDWU −DWDZU −D[Z,W ]U
= DZ
(∇WU −√2h(U,W )N)−DW (∇ZU −√2h(U,Z)N)−D[Z,W ]U
= R∇(Z,W )U −
√
2h(U,W )DZN +
√
2h(U,Z)DWN
−
√
2
(
Zh(U,W )− h(∇ZU,W )−Wh(U,Z) + h(∇WU,Z)− h(U, [Z,W ])
)
N.
(4.3)
Multiplying by N¯ and using g(R∇(Z,W )U, N¯) = 0, we get the equation for h
∇Zh(U,W )−∇Wh(U,Z) = h(U,Tor∇(W,Z))− h(U,W )g(DZN, N¯)
+ h(U,Z)g(DWN, N¯),
(4.4)
where ∇Zh(U,W ) = Zh(U,W )−h(∇ZU,W )−h(U,∇ZW ) is the covariant derivative
of h. Note that by Proposition 2.1, we have g(DZN, N¯) = ih(Z, T ) for any Z ∈
Γ(CTM).
In order to prove (4.1a), take Z,W,U ∈ Γ(H) and write (4.4) with W¯ instead ofW .
By Theorem 3.1, the torsion satisfies Tor∇(Z, W¯ ) = −g([Z, W¯ ], T )T . Moreover, by
Proposition 2.1 we have g([Z, W¯ ], T ) = −2ih(Z, W¯ ). Thus, equation (4.4) becomes
∇Zh(U, W¯ )−∇W¯h(U,Z) = ih(U,Z)h(W¯ , T )− ih(U, W¯ )h(Z, T )− 2ih(Z, W¯ )h(U, T ).
(4.5)
This is formula (4.1a).
In order to prove (4.1b), we take Z, U ∈ Γ(H). By (4.4), we have
∇Z¯h(U, T )−∇Th(U, Z¯) = h(U,∇T Z¯ + [Z¯, T ])− ih(U, T )h(Z¯, T )
+ ih(U, Z¯)h(T, T ),
(4.6)
because ∇T = 0.
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We analyze the right hand side of (4.6). By TorD(Z¯, T ) = 0 and the second
equation of (3.3), we have
∇T Z¯ + [Z¯, T ] = DZ¯T − g(DT Z¯, N)N¯
= DZ¯T − g(DZ¯T, ν)ν − ig(DT Z¯, ν)T.
(4.7)
We also used g([Z¯, T ], ν) = 0, which implies g(DZ¯T, ν) = g(DT Z¯, ν). The vector
field V = DZ¯T − g(DZ¯T, ν)ν is tangent to M and g(V, T ) = 0. Therefore, for any
holomorphic frame Z1, ..., Zn, we have
V = gλµ¯g(DZ¯T, Zµ¯)Zλ + g
µλ¯g(DZ¯T, Zµ)Zλ¯
= igλµ¯g(DZ¯ν, Zµ¯)Zλ − igµλ¯g(DZ¯ν, Zµ)Zλ¯
= igλµ¯h(Zµ¯, Z¯)Zλ − igµλ¯h(Zµ, Z¯)Zλ¯.
(4.8)
In order to get the second equality in (4.8), we used the isometry J and the relations
T = J(ν), J(DZ¯T ) = DZ¯(J(T )), J(Zµ) = iZµ and J(Zµ¯) = −iZµ¯. Thus, (4.7)–(4.8)
give
h(U,∇T Z¯ + [Z¯, T ]) = ih(T, Z¯)h(U, T ) + igλµ¯h(Zµ¯, Z¯)h(U,Zλ)
− igµλ¯h(Zµ, Z¯)h(U,Zλ¯).
(4.9)
Replacing (4.9) into (4.6), we finally find
∇Z¯h(U, T )−∇Th(U, Z¯) = ih(U, Z¯)h(T, T ) + igλµ¯h(Zµ¯, Z¯)h(U,Zλ)
− igµλ¯h(Zµ, Z¯)h(U,Zλ¯),
which is identity (4.1b).
In order to prove (4.1c), take Z, U ∈ Γ(H). By (4.4), we have
∇Zh(U, T )−∇Th(U,Z) = ih(U,Z)h(T, T )− ih(U, T )h(Z, T )
+ h(U,∇TZ + [Z, T ]).
(4.10)
On conjugating (4.7), we find ∇TZ + [Z, T ] = V¯ − ih(Z, T )T , where the vector field
V¯ = DZT − g(DZT, ν)ν is, by (4.8),
V¯ = igλµ¯h(Z,Zµ¯)Zλ − igµλ¯h(Z,Zµ)Zλ¯.
Thus, equation (4.10) reads
∇Zh(U, T )−∇Th(U,Z) =ih(U,Z)h(T, T )− 2ih(U, T )h(Z, T )
+ igλµ¯h(U,Zλ)h(Z,Zµ¯)− igµλ¯h(Z,Zµ)h(U,Zλ¯).
The proof of identity (4.1c) is accomplished.
In order to prove (4.1d), take Z ∈ Γ(H) and start from the identity
DTDZT −DZDTT −D[T,Z]T = 0. (4.11)
Observe that DZT = U − h(Z, T )ν for some U ∈ Γ(H⊕ H¯), because g(DZT, T ) = 0.
Precisely, as in (4.8), we have
U = igλµ¯h(Z,Zµ¯)Zλ − igµλ¯h(Z,Zµ)Zλ¯. (4.12)
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Then DTDZT = DTU − Th(Z, T )ν − h(Z, T )DTν, and multiplying by ν,
g(DTDZT, ν) = −h(U, T )− Th(Z, T ), (4.13)
because g(DTν, ν) = 0.
We analyze the second term in the left hand side of (4.11). A computation similar
to (4.8) furnishes
DTT − g(DTT, ν)ν = igλµ¯h(Zµ¯, T )Zλ − igµλ¯h(Zµ, T )Zλ¯ =W, (4.14)
where W ∈ Γ(H⊕ H¯) is defined by the last equality. Thus,
g(DZDTT, ν) = −h(Z,W )− Zh(T, T ). (4.15)
Finally, we study the third term in the left hand side of (4.11). We have
[T, Z] = DTZ −DZT = ∇TZ + g(DTZ, N¯)N −DZT
= ∇TZ − h(Z, T )(ν − iT )−DZT = ∇TZ − U + ih(Z, T )T,
where U is defined after (4.11). This yields
g(D[T,Z]T, ν) = −h([T, Z], T ) = −h(∇TZ, T ) + h(U, T )− ih(Z, T )h(T, T ). (4.16)
Multiplying (4.11) by ν and using (4.13), (4.15) and (4.16), we obtain
∇Zh(T, T )−∇Th(Z, T ) = 2h(U, T )− h(Z,W )− ih(Z, T )h(T, T ).
Replacing the expressions for U andW in (4.12) and (4.14), we get formula (4.1d). 
Remark 4.2. The second fundamental form h satisfies also other Codazzi equations.
For instance, we have
∇αhβγ¯ −∇βhαγ¯ = ihβγ¯hα0 − ihαγ¯hβ0, (4.17a)
∇αhβγ −∇γhβα = ihβαhγ0 − ihβγhα0, (4.17b)
Identity (4.17a) can be obtained interchanging α and β in identity (4.1a) and taking
the difference of the two equations. Identity (4.17b) follows from (4.4) on choosing
Z, U,W ∈ Γ(H) and using Tor∇(W,Z) = 0.
Notice also that, letting Z, U, V,W ∈ Γ(H) and multiplying identity (4.3) by V , we
get the Gauss-type equation
g(R∇(Z, W¯ )U, V¯ ) = 2
{
h(U, W¯ )h(V¯ , Z)− h(U,Z)h(V¯ , W¯ )}.
5. Classification results
In this section we prove the following results:
Theorem 5.1. Let M ⊂ Cn+1, n ≥ 2, be a (2n + 1)-dimensional, connected Levi
umbilical surface with constant Levi curvature H 6= 0. Then M is contained either in
a sphere or in the boundary of a spherical tube.
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Theorem 5.2. Let M be a connected pseudovonvex hypersurface in Cn+1, n ≥ 1,
with constant Levi curvature H 6= 0 and hαβ = 0. Then, up to a complex isometry,
M is a contained in a sphere or in a cylinder of the form
{
z ∈ Cn+1 :
n+1∑
i=m
|zi|2 = r2
}
, r > 0, 1 ≤ m ≤ n. (5.1)
Remark 5.3. The only compact surface among the ones defined in (5.1) is the sphere.
Theorem 5.2 improves [Kl, Theorem 5.2], because we assume neither compactness nor
strict pseudoconvexity of M .
A slight modification of the argument also shows that if strict pseudoconvexity (but
not compactness) is added as hypothesis in Theorem 5.2, then the surface M must
be contained in a sphere.
Proof of Theorem 5.1. Possibly changing the orientation of M , assume H > 0. Ob-
serve preliminarily that, given an orthonormal frame Zα, by Proposition 2.1 part iii),
we have
n∑
α=1
g([Zα, Zα¯], T ) = −2inH 6= 0, (5.2)
provided that H 6= 0. Then at least one term in the sum is non zero and the
distribution Re(H⊕ H¯) is bracket generating.
We accomplish the proof in several steps.
Step 1. We claim that
hα0 = 0. (5.3)
Indeed, contracting the indices α and γ¯ in the Codazzi equation (4.17a), we get
∇αhαβ −∇βhαα = ihαβhα0 − ihααhβ0. (5.4)
The fundamental form satisfies hαβ¯ = Hgαβ¯ and thus h
β
α = Hδ
β
α and h
α
α = nH . Then
the left hand side in (5.4) vanishes. Therefore (n− 1)Hhβ0 = 0. The claim follows.
As a consequence of (5.3), it turns out that h satisfies the identities
hβ¯αh
µ
β¯
= (H2 − h00H)δµα, (5.5a)
∇0hαβ + ih00hαβ = 0, (5.5b)
∇αh00 = 0. (5.5c)
To show (5.5a), observe that, since (5.3) holds and hαβ¯ = Hgαβ¯, the left hand side
of identity (4.1b) vanishes. Thus, using again hαβ¯ = Hgαβ¯ in the right-hand side, we
find the equation
hαλh
λ
β¯ = (H
2 − h00H)gαβ¯.
Contracting with gµβ¯ yields (5.5a). Equations (5.5b) and (5.5c) follow from (4.1c)
and (4.1d), letting hα0 = 0 and hαβ¯ = Hgαβ¯.
Notice also that equation (5.5a) gives
|hαβ |2 := hβ¯αhαβ¯ = nH(H − h00), (5.6)
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which implies h00 ≤ H . Moreover, equation (5.5c) and ∇T = 0 give Zh(T, T ) =
∇Zh(T, T ) = 0 on M for any Z ∈ H. On conjugating, the equation is satisfied also
for all Z ∈ H¯. Since M is connected, from (5.2) it follows that
h(T, T ) = constant = h00 on M. (5.7)
Take P ∈ M and denote by L the shape operator, L(X) = DXν, X ∈ TPM.
Step 2. If X ∈ TPM is an eigenvector of L with |X| = 1 and g(X, T ) = 0, then
Y = J(X) is an eigenvector of L with |Y | = 1.
Indeed, assume that L(X) = λX for some λ ∈ R and let Z = X − iJ(X) =
X − iY ∈ HP . By (5.3), since L(X) is orthogonal to T ,
0 = h(Z, T ) = g(L(X)− iL(Y ), T ) = −ig(L(Y ), T ).
Therefore L(Y ) is orthogonal to T . Moreover, by the symmetry of L, g(L(Y ), X) =
g(L(X), Y ) = λg(X, Y ) = λg(X, J(X)) = 0. Finally, if W ∈ HP satisfies g(Z, W¯ ) =
0, it must be also g(X, W¯ ) = 0 and thus g(L(X), W¯ ) = λg(X, W¯ ) = 0. Since M is
Levi umbilical, we also have g(L(Z), W¯ ) = Hg(Z, W¯). Eventually, we get
g(L(Y ), W¯ ) = ig(L(X)− iL(Y ), W¯ ) = ig(L(Z), W¯ ) = iHg(Z, W¯) = 0.
Taking the conjugate we also find g(L(Y ),W ) = 0. Ultimately, we showed that L(Y )
has no component orthogonal to Y and our claim is proved.
Step 3. At any point P ∈M there exists an orthonormal basis {Xα, Yα = J(Xα), T :
α = 1, . . . , n} of TPM such that
L(Xα) = (H +
√
H2 − h00H)Xα,
L(Yα) = (H −
√
H2 − h00H)Yα,
L(T ) = h00T.
(5.8)
Note first that, by (5.3), h(T,X) = 0 for any X ∈ HP ⊕ H¯P . Then we have
L(T ) = h00T , by (5.7), and the orthogonal complement of T at any point P ∈ M is an
invariant subspace for L. We diagonalize L restricted to this invariant subspace. By
Step 1, for any eigenvector Xα with eigenvalue λα, there is an eigenvector Yα = J(Xα)
with eigenvalue µα. Thus we get an orthonormal basis {T,Xα, Yα, α = 1, . . . , n} of
TPM . We may assume λα ≥ µα.
The values of λα and µα are determined by (5.5a) and by Levi umbilicality. Indeed,
letting Zα = Xα − iYα, we have gαβ¯ = 2δαβ . Since M is Levi umbilical,
2H = Hg(Zα, Zα¯) = g(L(Zα), Zα¯) = g(λαXα − iµαYα, Xα + iYα) = λα + µα. (5.9)
Moreover, since hαβ = g(Zα, L(Zβ)) = (λα − µα)δαβ, it is hβ¯α = 12(λα − µα)δβα. Thus,
(H2 − h00H)δγα = hβ¯αhγβ¯ =
1
4
(λα − µα)2δλα. (5.10)
The solutions to equations (5.9) and (5.10) are λα = H +
√
H2 − h00H and µα =
H −√H2 − h00H. The proof of Step 3 is concluded.
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In Step 3, we established that the principal curvatures of M are the constant num-
bers (5.8). By a classical result going back to Segre [S], if a connected hypersurface
in RN+1 has constant principal curvatures, then it must be a plane, a sphere or a
cylinder, i.e. a Cartesian product Sp ×RN−p, where Sp is a p-dimensional sphere and
0 ≤ p ≤ N . In particular, a surface with constant curvatures can have at most two
different ones. The numbers in (5.8) are not pairwise different only in the following
two cases:
Case A: h00 = H and
Case B: h00 = 0.
In Case A, all the principal curvatures are equal to H and the surface M must be
contained in a sphere of radius 1
H
. In Case B the surface must be a cylinder. In the
latter case, equations (5.8) become
L(Xα) = 2HXα, L(Yα) = 0 and L(T ) = 0. (5.11)
Fix a point P . After a complex rotation, we may assume that the vectors at P
satisfying (5.11) are Xα = ∂xα, Yα = ∂yα and T = ∂yn+1 . This means that ker(L) =
span{∂yh : h = 1, . . . , n + 1}. For a cylinder, ker(L) is the same at any point (after
the trivial identification between different tangent spaces of R2n). Moreover, the
remaining n principal curvatures are all equal to 2H . Then the surface is contained
in a cylinder of equation
n+1∑
k=1
(xk − bk)2 = 1
4H2
,
for suitable constants bk. The proof is concluded.

Proof of Theorem 5.2. Without loss of generality we can assume H > 0.
Step A. First we prove that hα0 = 0. Since hαβ = 0, (4.1a) becomes ∇βhαγ¯+ihαγ¯hβ0+
2ihα0hβγ¯ = 0. Contracting with g
γ¯α gives ∇βhαα + ihααhβ0 + 2ihα0hαβ = 0. The Levi
curvature is constant and then
nHhβ0 + 2hα0h
α
β = 0. (5.12)
Denote by k(λ), λ = 1, . . . , n, the principal Levi curvatures ofM at a point P . This
means that there is an orthonormal family of holomorphic vectors V(λ) = V
β
(λ)Zβ ∈ HP ,
λ = 1, . . . , n, such that hαβV
β
(λ) = k(λ)V
α
(λ). Contracting (5.12) with V
β
(λ) yields
(nH + 2k(λ))h(T, V(λ)) = 0.
By pseudoconvexity, it is k(λ) ≥ 0 for all λ = 1, . . . , n. Since H > 0, this implies
h(T, V(λ)) = 0 for any λ = 1, . . . , n, which ensures hα0 = 0.
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Inserting hαβ = 0, hα0 = 0 and h
α
α = nH =constant in equations (4.1a), (4.1b) and
(4.1d), we find
∇βhαγ¯ = 0, (5.13a)
∇0hαβ¯ = ihαλ¯hλ¯β¯ − ihαβ¯h00, (5.13b)
∇αh00 = 0. (5.13c)
Equation (5.13c) and ∇T = 0 imply that Zh00 = 0 for all holomorphic Z. Since the
horizontal distribution is bracket generating, we conclude that h00 is constant on M .
Contracting α and β¯ in (5.13b) and using H =constant, we find hαλ¯h
αλ¯ = nHh00. If
h00 = 0, it follows that hαλ¯ = 0 and thus H = 0. This is not possible and h00 must
be a non zero constant. Since hα0 = 0, by Step A we also have L(T ) = h00T .
Step B. If X ∈ TPM is a real tangent vector orthogonal to T and such that L(X) =
λX , then the vector Y = J(X) satisfies L(Y ) = µY . This follows from hαβ = 0 and
can be proved as in Step 2 of the proof of Theorem 5.1. Moreover, letting Z = X−iY
we have
0 = h(Z,Z) = g(L(Z), Z) = g(λX − iµY,X − iY ) = λ− µ.
Therefore λ = µ.
Iterating this process n times, we find an orthonormal basis {Xα, Yα = J(Xα), T :
α = 1, . . . , n} of TPM such that
L(Xα) = λαXα, L(Yα) = λαYα. (5.14)
Notice that L sends H into H, because hαβ = 0 and hα0 = 0. Moreover, letting
Zα = Xα − iYα we have L(Zα) = λαZα. The numbers λ1, . . . , λn are the eigenvalues
of the Levi form at the point P , i.e. h(Zα, Zβ¯) = λαg(Zα, Zβ¯).
Step C. We claim that the eigenvalues of L are constant. First observe that any pair
of points in M can be connected by a horizontal path γ : [0, 1]→M , i.e. a piecewise
C1 curve such that g(γ˙, T ) = 0. This follows from the rank condition (5.2). Take
P,Q ∈ M and connect them by a horizontal curve γ with γ(0) = P and γ(1) = Q.
Let {XPα , Y Pα = J(XPα ), T : α = 1, ..., n} be an orthonormal basis of TPM satisfying
(5.14). Let ZPα = X
P
α − iY Pα and let Zα be the parallel extension of ZPα along γ, that
is
∇γ˙Zα = 0 along γ and Zα(P ) = ZPα . (5.15)
The vector field Zα is holomorphic
Equation (5.13a) and its conjugate imply
∇γ˙h(Z, W¯ ) = 0, for all holomorphic Z,W . (5.16)
Then, from (5.16) and (5.15) it follows that
d
dt
h(Zα, Zβ¯) = ∇γ˙h(Zα, Zβ¯) + h(∇γ˙Zα, Zβ¯) + h(Zα,∇γ˙Zβ¯) = 0.
Thus h(Zα, Zβ¯) is constant along γ and
h(Zα, Zβ¯) = h(Z
P
α , Z
P
β¯ ) = 2λαδαβ ,
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where the λα’s are the Levi eigenvalues at P . Since g is parallel, we also have
g(Zα, Zβ¯) = g(Z
P
α , Z
P
β¯
) = 2δαβ. Eventually, we get h(Zα, Zβ¯) = λαg(Zα, Zβ¯), where
the λα’s are again the eigenvalues at P . This means that also at the point Q = γ(1)
the eigenvalues of L are λ1, λ2, . . . , λn and h00.
Step D. The shape operator L has constant eigenvalues λ1, ..., λn, h00. Each eigenvalue
λα has multiplicity 2 and the corresponding eigenspace is a complex subspace of
Cn+1. By Segre’s theorem on hypersurfaces with constant curvatures, M can have
no more than two different constant curvatures and it is contained either in a sphere
or in a cylinder with spherical section. We may assume λ1 = · · · = λm = 0 and
λm+1 = · · · = λn = h00 for some 0 ≤ m ≤ n − 1. In case m = 0 we have a sphere.
In case 1 ≤ m ≤ n− 1 we have a cylinder of the form (5.1). The case case m = n is
excluded, because we have a cylinder of the form Cn × S1 which has H = 0.
The proof is concluded. 
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